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WEAK FUNCTORIALITY OF COHEN-MACAULAY ALGEBRAS
YVES ANDRE´
ABSTRACT. We prove the weak functoriality of (big) Cohen-Macaulay algebras, which
controls the whole skein of “homological conjectures” in commutative algebra [10][13].
Namely, for any local homomorphism R → R′ of complete local domains, there exists a
compatible homomorphism between some Cohen-Macaulay R-algebra and some Cohen-
Macaulay R′-algebra.
When R contains a field, this is already known [13, 3.9]. When R is of mixed char-
acteristic, our strategy of proof is reminiscent of G. Dietz’s refined treatment [7] of weak
functoriality of Cohen-Macaulay algebras in characteristic p; in fact, developing a “tilt-
ing argument” due to K. Shimomoto, we combine the perfectoid techniques of [1][2] with
Dietz’s result.
1. INTRODUCTION.
1.1. If non-noetherian rings have found their place in standard commutative algebra, it is
not so much as pathological examples or products of an inexorable generalization process,
but rather as invaluable auxiliarieswhen the ressources of classical Cohen-Macaulay theory
fail. Indeed, in such a case, “unwanted relations” between parameters of a noetherian local
ring R which do not form a regular sequence may still be trivialized in some big (i.e.
possibly non-noetherian) R-algebra. This accounts for the importance of the existence of
(big) Cohen-Macaulay R-algebras in commutative algebra (cf. [10][13][14][3] for some
overviews; in the sequel, we drop the epithet big). Their existence has been known and
used for a long time when R contains a field, but it was proven only recently in mixed
characteristic using methods from p-adic Hodge theory (perfectoid spaces) [2].
For more sophisticated applications to homological conjectures in commutative alge-
bra, more is required: a weakly functorial behaviour of these Cohen-Macaulay algebras;
namely, it is expected that for any local homomorphism R
f→ R′ of complete local
domains, there exists a compatible homomorphism between some Cohen-Macaulay R-
algebra and some Cohen-Macaulay R′-algebra. Again, this has been known for a long
time when R contains a field [13], and in characteristic p, it actually suffices to consider a
lifting R+
f+→ R′+ of f to absolute integral closures [12].
In this paper, we establish this weak functoriality in general:
1.1.1. Theorem. Any local homomorphism R→R′ of complete noetherian local domains
fits into a commutative square
(1.1) R

// R′

C // C′
where C and C′ are Cohen-Macaulay algebras for R and R′ respectively.
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1.2. In the remaining case to be treated, i.e. when R is of mixed characteristic, we prove
the following more precise result:
1.2.1. Theorem. Any local homomorphism f : R→R′ of complete noetherian local do-
mains, with R of mixed characteristic (0, p) , fits into a commutative square
(1.2)
R

f
// R′

R+

f+
// R′+

C // C′
where R+ and R′+ are the absolute integral closures of R and R′ respectively, C and C′
are Cohen-Macaulay algebras for R and R′ respectively, C is Kˆo-perfectoid, and so is C′
if R′ is of mixed characteristic (0, p) (resp. C′ is perfect if R′ is of characteristic p).
Moreover, f+ can be given in advance.
Here Kˆo is the perfectoid ring obtained from the Witt ring of the algebraic closure of
the residue field ofR′ by adjoining pth-power roots of p and completing; “f+ can be given
in advance” means that for any choice of the upper commutative square, one can form a
commutative lower square as indicated.
1.3. Our strategy of proof is inspired by Dietz’s refined weak functoriality of Cohen-
Macaulay algebras in characteristic p. Using Cohen factorizations, one reduces to the case
of a surjection, in which case one proves a stronger version of weak functoriality where C
is given in advance (and can be constructed for instance as in [2]): this allows to compose
or decompose the morphism f , hence to reduce to the case when f is a quotient map by a
prime ideal of height one (and R is normal)1.
To deal with this special case in the char. p situation, Dietz uses a subtle Frobenius
argument. In order to transpose it somehow to mixed characteristic, we take advantage
of a remarkable insight of K. Shimomoto [20] who combined perfectoid techniques with
Dietz’s results through tilting, to show the existence of a perfectoid Cohen-Macaulay R-
algebra C (in a weak sense), so that perfectoid techniques can be applied to C itself.
Acknowledgment. I am very grateful to K. Shimomoto for sending me his paper [20], which not
only supplied a useful tool but also directed my attention towards Dietz’s work. I also thank him,
together with L. Ma, for comments on the first draft of this paper.
I am very grateful to O. Gabber for pointing out an unclear non-(almost)-triviality issue in a
previous version, suggesting the use of solid closure theory to settle this issue, cf. 2.5.1 (2) (he also
proposed a different solution to this technical problem), and sending several further remarks.
1in this special situation, weak functoriality has already been established in [9] in mixed characteristic, using
perfectoid methods after [2] and getting important corollaries such as the vanishing conjecture on Tor’s. The
main progress in the present paper in this special situation lies, as said above, in the fact that C may be given in
advanced.
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2. REVIEW OF ABSOLUTE INTEGRAL CLOSURE, (ALMOST) PERFECTOID ALGEBRAS
AND (ALMOST) COHEN-MACAULAY ALGEBRAS.
2.1. Weak functoriality of absolute integral closure. (See also [14, 3]). Let R be a
domain with fraction field K , K+ an algebraic closure of K , and R+ the integral closure
ofR inK+ (so thatR+∩K is the normalization ofR). The absolute automorphism group
GK = AutKK
+ may be identified with the group of R-automorphisms of R+.
Let R′ be another domain with fraction field K ′ of characteristic 0, K ′+ an algebraic
closure ofK , and R′+ the integral closure of R′ inK ′+.
2.1.1. Proposition. (1) Any homomorphismR
f→ R′ lifts to a homomorphismR+ f
+
→
R′+. If f is injective (resp. surjective), so is f+.
(2) Assume that f is injective orR is normal. Then f+ is unique up to precomposition
by an element of GK .
(3) Assume that R is normal. Any factorization R
f1→ R1 → · · · → Rn−1 fn→ R′ of f
lifts to a factorization R+
f+
1→ R+1 → · · · → R+n−1
f+n→ R′+ of any given f+.
Proof. (1) Let us first assume that f is injective. We note that any extension f+ is injective
[6, Cor. 2 to Prop. 1, §2 n.1]. The embedding K →֒ K ′ extends to an embedding
K+ →֒ K ′+ (unique up to precomposition by an element of GK ); therefore f extends to
an embeddingR+ →֒ R′+ (unique up to precomposition by an element of GK).
Let us next assume that f is surjective, with kernel p. Let p+ be a prime ideal above
p in the integral extension R+. Every monic polynomial P with coefficients in R+/p+,
lifts to a monic polynomial with coefficients in R+, which is a product of linear factors
in the absolutely integrally closed domain R+, hence P is a product of linear factors in
R+/p+ as well. We conclude that the fraction field of R+/p+ is algebraically closed.
Since R+/p+ is integral over R′ = R/p, it is isomorphic to R′+, hence f extends to a
surjection R+ →֒ R′+.
The general case is obtained by factoring f into a surjection followed by an embedding.
(2) The case when f is injective has already been treated, and the case when R is normal
(i.e. R = R+ ∩K) follows from [6, Cor. 1 to Prop. 6, §2 n.1].
(3) By (2), for any choice of lifts f+i , there exists σ ∈ GK such that f+n ◦ · · · f+1 ◦σ = f+.
It then suffices to replace f+1 by f
+
1 ◦ σ. 
Using [6, V, §2, ex. 13], one sees that (2) and (3) may fail if the assumption is removed
(this is related to the failure of going-down for non-normal rings).
2.2. Perfectoid algebras. (cf. [18], and further [1]; we use a specific perfectoid valuation
ring in this paper but the general theory would work over any perfectoid valuation ring).
Unless otherwise specified, we denote by ̂ the p-adic (separated) completion of any ring.
We denote by F the Frobenius endomorphism of any ring of characteristic p.
2.2.1. Let k be a perfect field of characteristic p, W := W (k) its Witt ring, Ko :=
W [p
1
p∞ ], and Kˆo its completion, which is a perfectoid valuation ring (F induces an iso-
morphism Kˆo/p 1p ∼→ Kˆo/p) with residue field k; this is the valuation ring of the perfectoid
field Kˆ := Kˆo[ 1p ].
The tilt of Kˆo is defined to be Kˆ♭o := limF Kˆo/p. This is a perfect complete valuation
ring of characteristic p. In fact, denoting by p♭ the element (. . . , p
1
p , p) of Kˆ♭o, Kˆ♭o is the
p♭-adic completion of k[(p♭)
1
p∞ ].
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2.2.2. LetB be a p-adically complete and p-torsionfree Kˆo-algebra. ThenB[ 1p ] is canon-
ically a Banach K-algebra, with unit ball p− 1p∞B . Let B[ 1p ]o ⊃ B be the ring of power-
bounded elements of B[ 1p ]. We say that B is uniform if B[
1
p ]
o ⊂ p−NB for some N ∈ N;
any such algebra is reduced (because the norm of B[ 1p ] is then equivalent to the spectral
seminorm).
2.2.3. We say that B is perfectoid2 if F induces an isomorphismB/p
1
p
∼→ B/p.
In that case p−
1
p∞B = B[ 1p ]
o, and in particular, B is uniform. In addition, for any
̟ ∈ Kˆo with |p| 1p ≤ |̟| < 1, F induces an isomorphismB/̟ ∼→ B/̟p.
The p-adic (separated) completion of any colimit of perfectoid Kˆo-algebras is perfec-
toid.
2.2.1.Proposition. Let a be an ideal ofB generated by a regular sequence (p, x2, . . . , xd).
Then the a-adic completion Bˆa is perfectoid.
Proof. Since a is finitely generated, Bˆa is a-adically complete; (p, x2, . . . , xd) is a regular
sequence in Bˆa, and so is (xn2 , . . . , x
n
d , p) (resp. (x
n
2 , . . . , x
n
d , p
1
p )) for every n > 0. In
particular, Bˆa is p-torsionfree and p-adically complete. Let us show that the ideal pBˆa
(resp. p
1
p Bˆa) is closed for the a-adic topology, or equivalently, for the (x2, . . . , xd)-adic
topology. Indeed, if an element b ∈ Ba can be written pcn+dn with dn ∈ (xn2 , . . . , xnd )Ba
for any n > 0, then pcn is a (x2, . . . , xd)-adic Cauchy sequence. Since (x
n
2 , . . . , x
n
d , p) is a
regular sequence, cn is itself a (x2, . . . , xd)-adic Cauchy sequence, and its limit c satisfies
b = pc. One sees in the same way that p
1
p Bˆa is a-adically closed.
It follows that the map Bˆa/p → B̂/pa (resp. Bˆa/p 1p →̂B/p 1p
a
) is an isomorphism.
On the other hand, denoting by a¯ the image of a in B/p, one has a¯pd ⊂ F a¯ ⊂ a¯p, hence
B̂/p
a
= B̂/p
a¯
= B̂/p
F a¯
. Since B is perfectoid, F induces an isomorphism
̂
B/p
1
p
a
=
̂
B/p
1
p
a¯
∼→ B̂/pF a¯ = B̂/pa, hence also an isomorphism Bˆa/p 1p ∼→ Bˆa/p. 
2.2.4. The tilt of B is B♭ := limF B/p. This is a perfectoid Kˆ♭o-algebra, i.e. a p♭-
adically complete, p♭-torsionfree, perfect Kˆ♭o-algebra. The natural morphism
(2.1) B♭/p♭ → B/p
is an isomorphism. This lifts to a natural isomorphism
(2.2) B♮ :=W (B♭)⊗ˆW (Kˆ♭o)Kˆo
∼→ B
(this is well-known for p−
1
p∞B = B[ 1p ]
o (Fontaine-Scholze); it follows that (2.2) is injec-
tive in general, and surjectivity is checked by reducing mod. p).
2.2.5. Let R is a complete local domain of mixed characteristic (0, p), fix a compatible
system of roots p
1
pi in R+, and view R+ as a Ko-algebra. Then R̂+ is perfectoid.
Indeed, R̂+ is p-torsionfree like R̂+; since R+ is normal, an equation xp = py in
R+ implies x/p
1
p ∈ R+; on the other hand, any element of R+ admits p-th roots; one
concludes that F induces an isomorphismR+/p
1
p
∼→ R+/p.
2or: integral perfectoid.
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2.3. Almost perfectoid algebras. Let B be a uniform (complete) Kˆo-algebra. Let π be a
non-zero element of B such that a compatible system of roots π
1
pi exists (which we fix).
2.3.1. We say thatB is π
1
p∞ -almost perfectoid if it is uniform and if F induces an almost
isomorphismB/p
1
p
∼
a
→ B/p, i.e. kernel and cokernel are killed by π 1p∞ , cf [1, 3.5.4].
Its tilt B♭ := limF B/p is then a perfectoid Kˆ♭o-algebra, with a specific element π♭ =
(. . . , π
1
p , π). Moreover B♮ := W (B♭)⊗ˆW (Kˆ♭o)Kˆo is a perfectoid Kˆo-algebra, and the
natural morphism B♮ → B is both injective and a (pπ) 1p∞ -isomorphism (hence a π 1p∞ -
isomorphism if π ∈ p 1p∞B). Here, in B♮, π 1pi is identified with the Teichmu¨ller lift
[(π♭)
1
pi ]. The formation of B♮ is functorial in B.
Obviously, a uniform Kˆo-algebra B which is π 1p∞ -almost isomorphic to a π 1p∞ -almost
perfectoid algebra is π
1
p∞ -almost perfectoid.
2.3.2. Almost ring theory over the setting (B, π
1
p∞B) satisfies the general assumption of
[8]: (π
1
p∞B)⊗2 is flat over B ([8, 2.1.7]). However, certain “pathologies” occur when π
is a zero-divisor in B. In order to reduce questions about almost perfectoid algebras to the
case when π is a non-zero divisor, one may replace B by π−
1
p∞B, which is still uniform
[1, 2.5.2], hence reduced. The elementary but crucial observation is that in a reduced
Z[π
1
p∞ ]-algebra, any π-torsion element is π
1
p∞ -torsion. Therefore B → π− 1p∞B is an
almost isomorphism (so that π−
1
p∞B is almost perfectoid if B is), and the image of π in
π−
1
p∞B is a non-zero divisor. Moreover, if B is p-torsionfree, so is π−
1
p∞B.
2.4. Cohen-Macaulay algebras. Let R be a noetherian local ring of dimension d, with
maximal ideal m. Let x = (x1, x2, . . . , xd) be a system of parameters, and let B be a (not
necessarily noetherian)R-algebra.
We say that x becomes regular in B, or that B is Cohen-Macaulay w.r.t. x if for any i,
multiplication by xi+1 is injective on B/(x1, . . . , xi)B, and B 6= (x1, . . . , xd)B. It is a
Cohen-MacaulayR-algebra if it is Cohen-Macaulay w.r.t. any system of parameters of R.
We shall use freely the following facts: if B is m-complete, it is Cohen-Macaulay as
soon as it is Cohen-Macaulay w.r.t. some x ; it is then a Cohen-Macaulay S-algebra for
any factorization R → S → B such that S is local and finite over R (since the image of a
system of parameters ofR in S is a system of parameters, andB is also mS-complete). An
algebra over a regular ring R is Cohen-Macaulay if and only it is faithfully flat [13, 1.2.d].
2.5. Almost Cohen-Macaulay algebras. LetB be a uniform (complete) Kˆo-algebra, and
let π
1
p∞ be a system of pth-power roots of some element π ∈ B \ {0}.
We say that x becomes π
1
p∞ -almost regular in B, or that B is π
1
p∞ -almost
Cohen-Macaulay w.r.t. x if for any i, multiplication by xi+1 is almost injective on
B/(x1, . . . , xi)B, and B/(x1, . . . , xd)B is not almost zero, i.e. π
1
p∞B 6⊂ (x1, . . . , xd)B.
Since (x1, . . . , xd)R contains some power of m, the last condition is equivalent to
π
1
p∞B 6⊂ mB, cf. [2, 4.1].
This terminology may be slightly misleading since “Cohen-Macaulay” does not for-
mally imply “almost Cohen-Macaulay”: π
1
p∞ 6⊂ mB is stronger than B 6= mB. The
following proposition allows to settle this issue in some generality.
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2.5.1. Proposition. Let R be a complete noetherian local domain with maximal ideal m,
and let B be a Cohen-Macaulay algebra w.r.t. some system of parameters x of R. Assume
that B contains a system of pth-power roots π
1
p∞ of some element π ∈ B.
(1) If π
1
p∞B ∩R 6= 0, then B is a π 1p∞ -almost Cohen-MacaulayR-algebra w.r.t. x.
(2) Let p be a prime ideal of R such that π
1
p∞B ∩R 6⊂ pR. Then B/(mB+√pB) is
not π
1
p∞ -almost zero.
Proof. (1) (cf. also [2, 1.1.2]) By Cohen’s structure theorem, there is a complete regular
local subdomain A of R whose maximal ideal is generated by x, and R is a finite A-
module. Since R is a domain and π
1
p∞B ∩ R 6= 0, π 1p∞B ∩ A 6= 0 as well. On the
other hand, B is Cohen-Macaulay over the regular local ring A, hence faithfully flat, and
in particularmnAB ∩A = mnA for every n, and their intersection is 0 by Krull. Since mAR
is m-primary, ∩mnB ∩ A = 0. If the idempotent ideal π 1p∞B is contained in mB, it is
contained in ∩mnB, a contradiction.
(2) Let us set R′ = R/p, a complete local domain with maximal ideal m′ = m/p. We
cannot apply (1) to theR′-algebraB/
√
pB, which might not be Cohen-Macaulay; instead,
following O. Gabber’s suggestion, we will use Hochster’s solid closure theory [11].
Let us write
√
pB as a filtered union of finitely generated ideals Iα ofB containing pB.
Since B is a Cohen-Macaulay algebra w.r.t. x and (x)R is m-primary, B has a nonzero
R-dual [11, 2.4]. It follows that B/pB has a nonzero R′-dual [11, 2.12], and further that
every B/Iα has a nonzero R
′-dual [11, 2.1 (m)]. By [11, 5.10]3, it follows that for any
given ideal J of R′ and every α, the intersection J(B/Iα)∩R′ in B/Iα (which equals the
intersection (JB+ Iα)∩R′ inB) is contained in the integral closure J¯ of J . Their filtered
union J(B/
√
pB) ∩R′ is therefore contained in J¯ .
Now B/(mB +
√
pB) = (B/
√
pB)/m′(B/
√
pB), and by the same argument as in
(1), it suffices to see that ∩nm′n(B/
√
pB) ∩ R′ = 0. Applying the above observation to
J = m′n, this is derived from the classical vanishing of ∩m′n [15, 5.3.4]. 
3. GETTING RID OF “ALMOST”: SHIMOMOTO’S CONSTRUCTION.
3.1. Let R be a complete noetherian local domain of mixed characteristic with alge-
braically closed residue field k = k+ of characteristic p. Let (x1, x2, . . . , xd) be a system
of parameters for R, with x1 = p. The following synthetizes, strengthens and recasts
according to our needs the results of [20]4 and their proof.
3.1.1. Theorem. Let B be a π
1
p∞ -almost Kˆo-perfectoid almost Cohen-Macaulay R-
algebra w.r.t. x for some π ∈ p 1p∞B (it is tacitly assumed that the W (k)-structures
coming from R and Kˆo coincide).
(1) There exists a Kˆo-perfectoid Cohen-Macaulay R-algebra C (which one may as-
sume to be mR-adically complete) and a morphism B
♮ → C.
(2) One may assume moreover that C is a R+-algebra.
The existence of B♮ → C will be crucial in the proof of Theorem 1.2.1 (caution: B♮
may not be an R-algebra). In its standard version, Hochster’s modification process to con-
struct a Cohen-MacaulayR-algebra C, as applied for instance in [2], starts with an almost
3in the terminology of [11], J(B/Iα) ∩ R′ belongs to the solid closure of J .
4actually in [20], the mR-adic completion is not performed, and one only gets a Cohen-Macaulay algebra C
w.r.t. (p, x2, . . . , xd).
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Cohen-MacaulayB as an auxiliary object, without relating B and C explicitly (the almost
Cohen-Macaulay condition is there to ensure that the process does not degenerate). Di-
etz’s work remedies this shortfall by providing a mapB → C in char. p, while Shimomoto
“transposes” it into mixed characteristic by tilting5.
For convenience, we restate the fragment from Dietz’s theory that we need in the fol-
lowing form:
3.1.2. Proposition. Let S be a complete noetherian local k-algebra with residue field k.
(1) Any (π♭)
1
p∞ -almost Cohen-Macaulay S-algebra D maps to a Cohen-Macaulay
S-algebra which is a perfect domain (resp. Kˆ♭o-perfectoid, if p♭ is a parameter of
S).
(2) Let (Dα) be a directed system of (π
♭
α)
1
p∞ -almost Cohen-Macaulay S-algebras
(for some π♭α ∈ Dα \ 0). Then colimDα maps to a Cohen-Macaulay S-algebra
which is a perfect domain (resp. Kˆ♭o-perfectoid, if p♭ is a parameter of S).
Proof. (1) In the terminology of [7], the fact that D is (π♭)
1
p∞ -almost Cohen-Macaulay
translates into: π♭ is a “durable colon-killer” over S; thus D is a “seed” by [7, 4.8], and
any seed maps to a Cohen-Macaulay algebra which is a perfect and mS-separated by [7,
3.7] and is also a domain by [7, 7.8]) - hence after p♭-adic completion, to a Kˆ♭o-perfectoid
Cohen-Macaulay S-algebra if p♭ is a parameter of S.
For (2), one observes that a directed colimit of seeds is a seed [7, 3.2]. 
Proof. (of Theorem 3.1.1)
(1) Up to replacing B by B〈x 1p∞ 〉[ 1p ]o, we may also assume that B contains a system
of pth-power roots x
1
p∞
i of each xi (indeed, B〈x
1
p∞ 〉[ 1p ]o/p is p
1
p∞ -almost faithfully flat
overB/p [2, 2.5.2], henceB〈x 1p∞ 〉[ 1p ]o is, likeB, π
1
p∞ -almost Cohen-Macaulay w.r.t. x).
We may also replace B by the π
1
p∞ -almost isomorphic algebra π−
1
p∞B, hence assume
that π is not a zero divisor in B, and that B = π−
1
p∞B♮.
Let us first assume that R is normal. Let R˜ := R[ 1p ]
et,o be the integral closure of R
in the maximal etale extension of R[ 1p ] in some fixed algebraic closureK
+ of the field of
fractions ofR. Let us write R˜ = colimRα as a directed colimit of finite normal extensions
of R such that Rα[
1
p ] is etale over R[
1
p ]. The p-adic completion
ˆ˜R := ĉolimRα of R˜ is
Kˆo-perfectoid, cf. e.g. [19, 10.1].
Let B˜ be the integral closure of B in R˜ ⊗R B[ 1π ]. Its completion ˆ˜B is a π
1
p∞ -almost
perfectoid
ˆ˜R-algebra, and ˆ˜B/p is π
1
p∞ -almost faithfully flat over B/p.
Indeed,
ˆ˜B is the completed colimit of the integral closures B(α) of B = π
− 1
p∞B♮
in Rα ⊗R B[ 1π ]. Since Rα ⊗R B[ 1π ] is finite etale over B[ 1π ] = B♮[ 1π ], the perfectoid
Abhyankar lemma [1, 0.3.1, 5.3.1]6 applies to (B♮[ 1p ], Rα ⊗R B[ 1π ]) and shows that B(α)
is uniform, (B(α))
♮ is perfectoid, B(α) is π
1
p∞ -almost perfectoid, and B(α)/p is π
1
p∞ -
almost faithfully flat overB/p.
5after the release of the first version of this paper, I learned that O. Gabber has a alternative way of pass-
ing from almost perfectoid almost Cohen-Macaulay algebras to perfectoid Cohen-Macaulay algebras, using an
ultraproduct technique.
6see also a very short account of its proof in [3]. In the notation of [1], B♮[ 1
p
] is A, Rα ⊗R B[
1
π
] is B′ and
B(α) is B
o.
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Since x is a π
1
p∞ -almost regular sequence in B, we deduce that the image of
(x2, . . . , xd) is also a π
1
p∞ -almost regular sequence in
ˆ˜B/p. Tilting ˆ˜B, we get a per-
fectoid Kˆ♭o-algebra ˆ˜B♭ and a π♭ 1p∞ -almost regular sequence x♭ = (p♭, x♭2, . . . , x♭d), where
x♭i = (. . . , x
1
p
i , xi) (note that the π
♭ 1
p∞ -almost isomorphism
ˆ˜B♭/p♭ → ˆ˜B/p sends x♭ to x).
By Proposition 3.1.2 (1), one can map ˆ˜B♭ to a Kˆ♭o-perfect(oid) Cohen-Macaulay
k[[p♭, x♭2, . . . , x
♭
d]]-algebra. Untilting, we get a Kˆo-perfectoid Cohen-Macaulay algebra
w.r.t. x. Completing (p, x2, . . . , xd)-adically, we get a Kˆo-perfectoid Cohen-Macaulay
R-algebra C (Proposition 2.2.1), and morphismsB♮ → ˆ˜B♮ → C.
We next drop the assumption that R is normal7. Let Rn be the normalization of R
(which is again a complete noetherian local domain), and g ∈ R be such thatRn[ 1pg ] is etale
over R[ 1pg ]. We may (by the same argument as above) assume that g is a non-zero divisor
in B and that B contains g
1
p∞ . Let B˜n be the integral closure of B in (R˜n ⊗R B)[ 1πg ].
We then construct C and morphismsB♮ → ˆ˜Bn♮ → C as above, on replacing (R˜, B˜, π) by
(R˜n, B˜n, πg).
(2) Let us write R+ as a directed colimit of finite normalR-subalgebrasRβ , which are
complete local domains with residue field k. Setting R˜β := Rβ [
1
p ]
et,o as above, we also
haveR+ = colim R˜β . Recall that, once a compatible system of roots p
1
pi is chosen in R+,
the p-adic completion R̂+ is perfectoid over Kˆo (2.2.5) .
Let g
β
= (gβ,1, gβ,2, . . .) be a finite sequence of elements of Rβ such that Rβ[
1
pΠgβ,i
]
is etale overR[ 1pΠgβi ]. We consider the directed system formed by pairs β = (β, gβ) (with
the order (β, g
β
) ≤ (β′, g
β′
) is β ≤ β′ and g
β
is part of the sequence g
β′
).
We define Bβ := (Πgβi)
− 1
p∞B〈g
1
p∞
β 〉[ 1p ]o, which is (πgβ)
1
p∞ -almost perfectoid.
When β varies, they form a directed system of R-algebras. By [2, 2.5.2], Bβ/p is
(πg
β
)
1
p∞ -almost faithfully flat over B/p.
We further define B˜β to be the integral closure of Bβ ⊗R R˜β in (Bβ ⊗R R˜β)[ 1pΠgβ,i ].
They form a directed system of R˜β-algebras. Since Bβ contains a system of roots
(Πgβ,i)
1
p∞ of the non-zero divisorΠgβ,i ∈ Bβ , the perfectoid Abhyankar lemma shows as
above that
ˆ˜Bβ is (πgβ)
1
p∞ -almost perfectoid, and that (B˜β)/p is (πgβ)
1
p∞ -almost faith-
fully flat over Bβ/p, hence over B/p, so that
ˆ˜Bβ is (πgβ)
1
p∞ -almost Cohen-Macaulay
w.r.t. x. We may then imitate the argument in (1): the ˆ˜R♭β-algebras
ˆ˜B♭β form a directed
system of (πg
β
)
1
p∞ -almost Cohen-Macaulay k[[x♭]]-algebras, hence their p♭-adically
completed colimit ĉolimβ
ˆ˜B♭β
∼= (ĉolimβ ˆ˜B♮β)♭ maps to a Kˆ♭o-perfect(oid) Cohen-
Macaulay k[[p♭, x♭2, . . . , x
♭
d]]-algebra by Proposition 3.1.2 (2). Untilting and completing
(p, x2, . . . , xd)-adically, we get the perfectoid Cohen-MacaulayR-algebra C (which is an
algebra over R̂+ = ĉolim ˆ˜Rβ), and we also get a morphism B
♮ → ĉolim ˆ˜B♮β → C. 
7we could actually dispense with this step which is subsumed in the proof of (2) below.
WEAK FUNCTORIALITY OF COHEN-MACAULAY ALGEBRAS 9
3.2. In [2, §4], the existence of a Cohen-MacaulayR-algebra is shown by first construct-
ing a π
1
p∞ -almost perfectoid π
1
p∞ -almost Cohen-MacaulayR-algebraB (where π ∈ pR,
R[ 1π ] is etale over W (k)[[x2, . . . , xd]][
1
π ], and B is π-torsionfree), and then applying the
technique of algebra modifications to B. Using Theorem 3.1.1 instead of the latter, one
gets the following more precise result:
3.2.1. Theorem. [20]8 For any complete noetherian local domainR of mixed characteris-
tic with perfect residue field k, there exists a Kˆo-perfectoid mR-adically complete Cohen-
Macaulay R-algebra C. Moreover, one can assume that C is an R+-algebra (in such a
way that the Ko-structures coming from R+ and Kˆo coincide). 
4. PROOF OF THEOREM 1.2.1.
4.1. Reduction of Theorem 1.2.1 to the case of a surjection, and a stronger statement
in that case.
4.1.1. First, we can reduce to the case when k′ is algebraically closed. Indeed, it suffices
to replace R′ by an extension R′′ defined as follows:
i) if R′ is of mixed characteristic, let Λ be a coefficient ring and (x′1 = p, x
′
2, . . . , x
′
d)
be a system of parameters; then R′ is a finite extension of Λ[[x′2, . . . , x
′
d′ ]] by Cohen’s
theorem, and it follows that R′⊗ˆΛW (k′+) ∼= R′ ⊗Λ[[x′
2
,...,x′
d′
]] W (k
′+)[[x′2, . . . , x
′
d′ ]] is
a complete noetherian local R′-algebra of dimension d′; we take for R′′ the quotient of
R′⊗ˆΛW (k′+) by some minimal prime with dimR′′ = d′;
ii) if R′ is of characteristic p, we make a similar construction replacing Λ[[x′2, . . . , x
′
d′ ]]
by k[[x′1, x
′
2, . . . , x
′
d′ ]].
According to [4, 1.1], one has a “Cohen factorization” R → R· → R′′ = R·/p where
R→ R· is flat. Since every system of parameters for R extends to a system of parameters
for R· by flatness, any Cohen-Macaulay R·-algebra is also a Cohen-Macaulay R-algebra.
It thus suffices to treat the case of R· → R′′; in other terms, we may assume from the be-
ginning thatR→ R′ is surjective - and in particularR andR′ have the same (algebraically
closed) residue field k = k′.
These reductions are compatible with the prescription of f+ in Theorem 1.1.1, since
we may replace at once R by its normalization and apply Proposition 2.1.1 (3) to the
sequencesR→ R′ → R′′ and R→ R· → R′′.
4.1.2. This discussion shows that Theorem 1.1.1 follows from:
4.1.1. Theorem. Let R,C be as in Theorem 3.2.1.
Let f : R → R′ := R/p be the quotient map by a prime ideal. Then there exists
mR′-adically complete Cohen-MacaulayR
′-algebra C′, which is Kˆo-perfectoid if R′ is of
mixed characteristic (resp. perfect ifR′ is of characteristic p), and a commutative diagram
(4.1) R

f
// R′

R+

f+
// R′+

C // C′.
Moreover, f+ can be given in advance.
8see footnote 4.
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The fact that C is given “in advance” is crucial, as it permits to compose such diagrams
for a chain of quotientsR→ R/p1 → · · · → R/pn, and conversely to decomposeR→ R′
into successive quotients by primes of height 1 (taking into account Proposition 2.1.1).
We thus may and shall assume that p is of height 1. Replacing R by its normalization
(and p by a prime over it), we may and shall assume in addition that R is normal.
4.2. Proof of Theorem 4.1.1: case when R′ is of mixed characteristic. IfR′ is of mixed
characteristic, Rp is a discrete valuation ring of equal characteristic 0. We proceed in five
steps.
4.2.1. Choosing an appropriate system of parameters of R.
We take x1 = p.
We choose x2 ∈ p such that x2 generates pRp and does not lie in any minimal prime
ideal q of R above p.
Such an element exists. Indeed, since R/p is of mixed characteristic, p is not contained
in any (height one prime) q. By prime avoidance there exists y ∈ p such that y does not
belong to any q. If y generates pRp, we take x2 = y. Otherwise, let x ∈ p generate pRp;
by the affine version of prime avoidance9, there exists x2 ∈ x+ yR which does not belong
to any q.
The pair (p, x2) is then part of a system of parameters x = (x1, x2, . . . , xd) ofR, which
we fix. We also fix a compatible sequence of roots x
1
e
2 ⊂ R+, and still denote by the same
symbols their images inC. We denote by (x
1
∞
2 ) the ideal ∪x
1
e
2 C and by (x
1
∞
2 )
− its closure.
4.2.2. C¯ := C/(x
1
∞
2 )
− is perfectoid, and x′ := (p, x3, . . . , xd) becomes a regular se-
quence in C¯.
For any e ∈ N\0,R[x
1
e
2 ] is a finite extension of the regular ringW (k)[[x
1
e
2 , x3, . . . , xd]].
On the other hand, C is a Cohen-Macaulay R[x
1
e
2 ]-algebra, hence faithfully flat over
W (k)[[x
1
e
2 , x3, . . . , xd]], hence also over their directed colimit W (k)[[x
1
∞
2 , x3, . . . , xd]].
Thus C/(x
1
∞
2 ) is faithfully flat on A
′ := W (k)[[x3, . . . , xd]], and so is its (separated)
completion C¯ [2, 1.1.1]. Therefore C¯ is a Cohen-MacaulayA′-algebra.
On the other hand, C is p-torsionfree, and x
1
e
2 is a non-zero divisor in C/p, so that x
1
e
2
acts isometrically on C (and x
1
e
2 (C/p) = (x
1
e
2 C)/p). This implies that for any j > 0,
the kernel of C/(pj , (x
1
∞
2 ))
×p→ C/(pj, (x
1
∞
2 )) is p
j−1(C/(pj , (x
1
∞
2 )). Passing to the limit
on j, we see that C¯ is p-torsionfree. In turn, C being Kˆo-perfectoid, Frobenius induces
isomorphisms
(4.2) (x
1
pe
2 C)/p
1
p = x
1
pe
2 (C/p
1
p )
∼→ x 1e2 (C/p) = (x
1
e
2 C)/p.
Passing to the colimit on the integers e (ordered by divisibility), we conclude that C¯ is
Kˆo-perfectoid.
9due to E. Davis, cf. [17, th. 124] (I am indebted to P. Roberts for this reference). We recall the proof for
convenience. Let us assume on the contrary that x + yR ⊂ ∪n1 qi (with n minimal), and select m such that
x ∈ qi, i ≤ m ≤ n but x /∈ ∪nm+1qi. For every j > m, let zj ∈ qj be such that zj /∈ qℓ, ℓ 6= j. If
Ry ⊂ ∪m1 qi, then (x, y)R ⊂ pi for some i ≤ m by prime avoidance: a contradiction. Therefore there exists
y′ ∈ Ry not in ∪m1 qi, and then x2 = x+ y
′Πnm+1zj /∈ ∪
n
1 qi.
Actually, since C is reduced, it is not essential for the sequel to assume that x2 generates pRp .
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4.2.3. Constructing an almost perfectoid almost Cohen-MacaulayR′-algebraB′ w.r.t. x′.
Since Rp is a discrete valuation ring with uniformizer x2, there exists π ∈ R \ p such that
(4.3) πp ⊂ x2R.
Since R′ = R/p is p-torsionfree, we may also assume that p divides π.
We fix a compatible system of roots π
1
pi in R+ and view C and C¯ as Z[π
1
p∞ ]-algebras.
Since C¯ is perfectoid, hence reduced, (4.3) implies that
(4.4) π
1
p∞ pC ⊂
√
x2C ⊂ (x
1
∞
2 )
−.
In particular C¯/p is π
1
p∞ -almost isomorphic to C/(pC +
√
pC). Since π ∈ R \ p, Propo-
sition 2.5.1 (2) shows that C/(mC +
√
pC) is not almost zero, and we conclude that C¯ is
a π
1
p∞ -almost Cohen-MacaulayR/x2-algebra w.r.t. x
′.
However, C¯ may have π
1
p∞ -torsion, hence not be a R′-algebra. We introduce
B′ := π−
1
p∞ C¯,
a sub-Ko-algebra of C¯[ 1π ]. It is p-torsionfree and p-adically complete, and also uniform
[1, 2.5]. In fact, it is π
1
p∞ -almost perfectoid and π
1
p∞ -almost Cohen-Macaulay w.r.t. x′
since C¯ → B′ is a π 1p∞ -almost isomorphism, cf. 2.3.2. By (4.3), p goes to π-torsion in B′
(hence to 0), so that R→ B′ factors throughR′.
4.2.4. ObtainingC′ using Shimomoto’s construction. Wemay apply Theorem 3.1.1 toB′,
which is a π
1
p∞ -almost Kˆo-perfectoid, almost Cohen-Macaulay R′-algebra w.r.t. x′. This
provides a Kˆo-perfectoid mR′ -adically complete Cohen-Macaulay R′-algebra C′ (and we
may assume that C′ is an R′+-algebra), together with a morphism of perfectoid algebras
B′♮ → ˆ˜B′n♮ → C′. Moreover, ˆ˜B′n♮ is an ˆ˜R′n-algebra. On the other hand, since C¯ is
perfectoid, the composed R-morphism C¯ → B′ → ˆ˜B′n factors through ˆ˜B′n♮ ⊂ ˆ˜B′n, and
we conclude that the composed morphism C → C¯ → ˆ˜B′n♮ → C′ is compatible with f .
This proves Theorem 4.1.1 except for the factorization through f+ (the kernel ofR+ →
C′ might not even be a prime above p). But this is already enough to prove Theorem 1.1.1
in the mixed characteristic case.
4.2.5. Taking care of f+. We now fix a lifting f+ : R+ → R′+ of f (which exists by
Proposition 2.1.1), and denote by p+ its kernel, which is a prime of R+ above p. In order
to take f+ into account, we will have to modifyC′ in the spirit of part (2) of Theorem 3.1.1.
By the (usual) Abhyankar lemma, we may writeR+ as the directed colimit of normal finite
sub-R-algebrasRβ such that for some eβ ∈ N, Rβ contains x
1
eβ
2 and its ramification index
is eβ at pβ := p
+ ∩ Rβ (the latter condition amounts to: Rβ ⊂ K ′[[x
1
eβ
2 ]]). We note that
Rβ is also a complete local domain with residue fied k.
We set R′β := Rβ/pβ . Then R
′+ = R+/p+ = ∪R′β , and R+
f+→ R′+ induces maps
Rβ
fβ→ R′β and coincides with their directed colimit. We can perform the previous steps
with (Rβ , pβ) instead of (R, p). In step 4.2.1, we can replace x by the system of parameters
xβ := (p, x
1
eβ , x3, . . . , xd). In step 4.2.2, the same C¯ works for every β. In step 4.2.3, we
can choose an element πβ ∈ Rβ \pβ divisible by p, such that πβpβ ⊂ x
1
eβ Rβ . In this way,
the pairs β = (β, πβ) form a directed set (with the order (β, πβ) ≤ (β′, πβ′) if β ≤ β′ and
πβ divides πβ′ ).
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We define the R′β-algebra B
′
β := πβ
− 1
p∞ C¯, and the R˜′β-algebra B˜
′
β as in part (1) of
the proof of Theorem 3.1.1. The tilts
̂˜B′β
♭
form a directed system of R̂′β
♭
-algebras, which
are (π♭β)
1
p∞ -almost Cohen-Macaulay k[[p♭, x♭3, . . . , x
♭
d]]-algebras. Their (p
♭-adically com-
pleted) colimit w.r.t. β maps to a Kˆ♭o-perfect(oid) Cohen-Macaulay k[[p♭, x♭3, . . . , x♭d]]-
algebra by Proposition 3.1.2 (2). Untilting and completing mR′ -adically, we get the per-
fectoid Cohen-Macaulay R′-algebra C′ (Proposition 2.2.1), which is also an algebra over
R̂′+ = ĉolim R̂′β , and get a composed morphism C → C¯ → ĉolim ˆ˜B♮β → C′ which is
compatible with f+ = colim fβ . 
4.3. Proof of Theorem 4.1.1: case when R′ is of characteristic p. The proof is similar,
somewhat simpler. We proceed in four steps.
4.3.1. Choosing an appropriate system of parameters of R. By the Cohen-Gabber struc-
ture theorem [16, IV 4.2] (based on Epp’s elimination of wild ramification), there ex-
ists a finite extension S of R in R+ which becomes a finite extension of a ring A :=
V [[x2, . . . , xd]] (where V is a complete discrete valuation ring with residue field k = k
+),
such that A → S becomes etale after inverting some element of A not contained in any
minimal prime above p. Let x1 be a uniformizer of V . One has V [
1
p ] = V [
1
x1
], and if e
denotes the absolute ramification index of V , p−
1
ex1 is a unit in the discrete valuation ring
V [p
1
e ].
We may and shall replace R by S (and p by a prime above it). Then x := (x1, . . . , xd)
is a system of parameters of R, x1 is a uniformizer of the discrete valuation ring of mixed
characteristic Rp, R[
1
p ] = R[
1
x1
], A ∩ p = x1A, and the image x′ of (x2, . . . , xd) in R′ is
a system of parameters. We choose a compatible sequence of roots x
1
pi
1 in C.
4.3.2. C¯ := C/x
1
p∞
1 C is a perfect Cohen-Macaulay R/x1-algebra w.r.t. x
′. Since C is
actually perfectoid over the perfectoid ring Kˆo[p 1e ] = ̂W [p 1pe∞ ], F induces an isomor-
phism C/p
1
epi+1
∼→ C/p 1epi , hence an isomorphism C/x
1
pi+1
1
∼→ C/x
1
pi
1 since p
− 1
e x1 is a
unit in C. Passing to the colimit on i, we see that C¯ is perfect.
As in 4.2.2, for any i, C is faithfully flat over V [x
1
pi
1 ][[x2, . . . , xd]], hence also over their
directed colimit. Thus C¯ is faithfully flat over A′ := k[[x2, . . . , xd]].
4.3.3. Constructing an almost Cohen-Macaulay R′-algebra B′ w.r.t. x′. Since Rp is a
discrete valuation ring with uniformizer x1, there exists π ∈ R \ p such that
(4.5) πp ⊂ x1R.
We fix a compatible system of roots π
1
pi in R+ and view C and C¯ as Z[π
1
p∞ ]-algebras.
Since C¯ is perfect, hence reduced, (4.5) implies that
(4.6) π
1
p∞ pC ⊂
√
x1C ⊂ x
1
p∞
1 C.
By the same argument as above, using Proposition 2.5.1, C¯ is π
1
p∞ -almost Cohen-
Macaulay w.r.t. x′. It may have π
1
p∞ -torsion, and as above, we introduce B′ := π−
1
p∞ C¯ ,
which is still π
1
p∞ -almost Cohen-Macaulay w.r.t. x′.
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4.3.4. Obtaining C′ using Dietz’s construction. By Proposition 3.1.2 (1), B′ maps to a
perfect,mR′ -adically separated, Cohen-MacaulayR
′-algebra without zero-divisor. Denot-
ing by C′ its mR′ -adic completion, we have a homomorphism C → C′ compatible with
f . The kernel of R+ → C′ is a prime p+ lying above p, so that C → C′ factors through
some lifting R+ → R′+ of f .
Moreover, since R is normal (after preliminary reduction), any lift f+ of f equals the
previous one precomposed with some σ ∈ GK (Proposition 2.1.1 (2)), and it then suffices
to precompose accordinglyR+ → C with σ. 
4.4. By iterated application of Cohen factorizations, any finite sequence R0
f1→ R1 f2→
· · · fn→ Rn of local homomorphisms fits into a commutative diagram
(4.7) R0

f1
// R1

f2
// · · · fn // Rn

R·0
f ·1
// R·1
f ·2
// · · · f
·
n
// R·n
where the vertical maps are flat (the last one being idRn ), and the f
·
i are surjective. Com-
bining this with Theorem 4.1.1, one obtains the following generalization of 1.2.1:
4.4.1. Theorem. Any finite sequence R0
f1→ R1 f2→ · · · fn→ Rn of local homomorphisms
of complete noetherian local domains, with R0 of mixed characteristic (0, p), fits into a
commutative square
(4.8) R0

f1
// R1

f2
// · · · fn // Rn

R+0

f1
+
// R+1

f2
+
// · · · fn
+
// R+n

C0 // C1 // · · · // Cn
where each Ci is a Kˆo-perfectoid Cohen-Macaulay Ri-algebra if Ri is of mixed charac-
teristic (0, p), or a perfect Cohen-MacaulayRi-algebra if Ri is of characteristic p.
Moreover, the f+i can be given in advance.
Here Kˆo is the perfectoid ring obtained from the Witt ring of the algebraic closure of
the residue field of Rn by adjoining p
th-power roots of p and completing.
ERRATUM TO [1]
Almost algebra hides many subtle difficulties. We are grateful to O. Gabber for pointing
the following erratum to [1, §1].
Every almost projectiveA-moduleP is flat [8, 2.4.12]. But it is not clear in general that
it is almost faithfully flat if it is faithful; it is not even clear that every almost finite etale
extension is almost faithfully flat (as written in [1, rem. 1.7.2 (1), 1.8.1. (1)])10. The results
[8, 2.4.28 iv, v] only show that the evaluation ideal EP/A ⊂ A satisfies EP/AP = P if P
is faithful, whereas faithful flatness amounts to EP/A = A (the difficulty is that it is not
clear that the idempotent ideal EP/A is generated by an idempotent almost-element).
10this is an important issue since the perfectoid Abhyankar lemma asserts that a certain extension is almost
finite etale, whereas it is the almost faithful flatness of this extension which is used in its applications.
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However, the problem disappears ifP is of constant rank r, because EP/A ⊃ E∧rP/A =
A (cf. [8, proof of 4.3.8]), and more generally if P is of finite rank.
Fortunately, all almost finite etale extensions occurring in the paper are of finite rank
(as almost projective modules) because they occur in the context of [1, Prop. 1.9.1 (1),(3)],
in connection with Galois extensions and subextensions. However, in the given proof that
Galois extensions are of rank r =| G |, the argument by faithful flatness descent should
be replaced by the following observation (Gabber): for any extension A →֒ B and any
(almost) finite projective A-module P such that PB is of rank r, P is of rank r. Indeed,
∧r+1P injects into ∧r+1PB = 0, hence P is of finite rank; furthermore, by [8, 4.3.27],
A decomposes into a finite product
∏
Ai where PAi has rank i, and by tensoring with B,
one sees that PAi = 0 for i 6= r.
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